An analysis of the energy-momentum localization for a four-dimensional Schwarzschild black hole surrounded by quintessence is presented in order to provide expressions for the distributions of energy and momentum. The calculations are performed by using the Landau-Lifshitz and Weinberg energy-momentum complexes. It is shown that all the momenta vanish, while the expression for the energy depends on the mass M of the black hole, the state parameter w q and the normalization factor c. The special case of w q = − 2 3 is also studied, and two limiting cases are examined.
Introduction
In the field of General Relativity the lack of a unique expression for the energy density is an important open problem. An efficient definition for the energy-momentum localization has to provide a generally accepted expression for the energy density. Until now, none of the definitions developed for energy-momentum has given a powerful confirmation that could have been considered the best tool for the energy-momentum localization.
However, there are many proposed tools to calculate the energy-momentum in General Relativity, such as superenergy tensors [1] , quasi-local expressions [2] and the energymomentum complexes of Einstein [3] , , Papapetrou [5] , BergmannThomson [6] , Møller [7] , Weinberg [8] , and Qadir-Sharif [9] . These definitions have been applied to many gravitational backgrounds and have yielded significant results, but almost all of them are coordinate dependent. In order to avoid the problem of coordinate dependence, the tele-parallel theory of gravitation [10] has been used for the calculation of the energy-momentum distribution in recent years.
Regarding the energy-momentum complexes [3] - [9] , only the Møller energy-momentum complex can be used to evaluate the energy-momentum for a given space-time in any coordinate system. The other prescriptions are applied in Cartesian coordinates. The efficiency of the energy-momentum complexes is sustained by a large number of works. In fact, the pseudotensorial definitions have produced reasonable results for various geometries (see, e.g., [11] and references therein with an emphasis on Landau-Lifshitz and Weinberg prescriptions), and it is important to point out the similarity of some of these results with those yielded by their tele-parallel versions (see, e.g., [12] ). Indeed, Chang, Nester and Chen [13] have attempted and succeeded to rehabilitate the energymomentum complexes. Different quasi-local definitions correspond to different boundary conditions.
The remainder of this article is structured as follows: in Section 2 a four-dimensional Schwarzschild black hole surrounded by quintessence is presented. In Section 3 we introduce the Landau-Lifshitz and Weinberg energy-momentum complexes used to calculate the distribution of energy-momentum. Section 4 contains the calculations for the geometry chosen as well as for the specific value w q = − 2 3 of the state parameter. Finally, in Section 5 we summarize our main results and briefly discuss some particular and limiting cases. Throughout our paper we use for the calculations the signature (1, −1, −1, −1) and geometrized units (c = 1; G = 1). Greek (Latin) indices take values from 0 to 3 (1 to 3).
Schwarzschild Black Hole Surrounded by Quintessence
In the study of the accelerated expansion of the universe, the physical nature of dark energy is one of the most significant and challenging open issues as dark energy is considered the main component of the universe contributing to negative pressure and driving the observed acceleration (besides the alternative of turning, for example, to modified Einsteins field equations). Alternatively to the most conventional dark energy candidate, i.e. the cosmological constant Λ (with a state parameter w = −1), one important family of other dark energy candidates are scalar field models including, amongst many, quintessence, k-essence (kinetic quintessence, having non-canonical kinetic energy terms), quintom (the equation of state crosses the w = −1 boundary from above to below or vice versa), hessence (a new form of quintom), chameleons (self-interacting scalar fields strongly coupled to matter), tachyons, phantoms, dilatons, ghost condensates, and the, different from scalar field models, Chaplygin and generalized Chaplygin gas (for a general review see, e.g., [14] ).
In the present work we focus on quintessence, a scalar field minimally coupled to gravity and associated with a potential V (φ) decreasing as the scalar field φ increases, as the most plausible dynamical vacuum energy model to be combined with the geometry exterior to a black hole. In the last decade, there has been some work in this area (see, e.g., [15] , [16] , [17] ). The question of the energy-momentum localization, by using the Møller and Einstein energy-momentum complexes, for a Reissner-Nordström black hole surrounded by quintessence has already been studied [18] . In order to apply the Landau-Lifshitz and Weinberg energy-momentum complexes, we have the following metric describing the space-time geometry exterior to a Schwarzschild black hole surrounded by quintessence [15] - [16] :
where M represents the mass of the black hole, w q is the state parameter of quintessence and c is a normalization factor. The state parameter values lie in the interval −1 < w q < − . For quintessence, the equation of state is p q = w q ρ q with ρ q = − c 2 3wq r 3(1+wq ) , while c > 0. Thus, the pressure p q of quintessence is negative and the matter energy density ρ q is positive.
For w q = −1 the geometry reduces to the Schwarzschild-de Sitter gravitational background, while for the special choice w q = − 2 3 , the line element (1) becomes:
In the case M < 1/8c, the geometry described by (2) has an inner and an outer horizon [16] given by:
while in the case M > 1/8c the geometry exhibits no horizons and in the case M = 1/8c, r inner = r outer = 1/2c. The inner horizon corresponds to the Schwarzschild black hole horizon, while the outer horizon corresponds to a cosmological horizon as the one obtained in the case of the Schwarzschild-de Sitter space-time geometry.
The Landau-Lifshitz and Weinberg Energy-Momentum Complexes
The Landau-Lifshitz energy-momentum complex [4] is defined as
where the Landau-Lifshitz superpotentials are given as
The L 00 and L 0i components correspond to the energy and momentum density, respectively. The Landau-Lifshitz energy-momentum complex obeys the local conservation law L µν , ν = 0.
The expressions of energy and momentum are obtained by integrating L µν over the 3-space
By using Gauss' theorem we have
The Weinberg energy-momentum complex [8] is defined as
where D λµν are the corresponding superpotentials:
and
The W 00 and W 0i components correspond to the energy and momentum density, respectively. The Weinberg energy-momentum complex obeys the local conservation law
The integration of W µν over the 3-space yields the expressions for energy and momentum:
By applying Gauss' theorem and evaluating the integral over the surface of a sphere of radius r, the expression for the energy-momentum distribution reads:
4 Energy-Momentum Distribution of the Schwarzschild Black Hole Surrounded by Quintessence
Maple with GRTensor II package attached and Mathematica have been used to compute the distribution of energy and momentum. In the case of the Landau-Lifshitz and Weinberg prescriptions the calculations have to be performed in quasi-Cartesian coordinates. Thus, the line element given by (1) is transformed in Schwarzschild Cartesian coordinates as . In applying the Landau-Lifshitz definition we use the U µ0i quantities for the evaluation of the energy-momentum distribution. These quantities are involved in the expression for energy calculated by the use Gauss' theorem (8) .
The non-zero components of the U µ0i quantities are found to be
Substituting equations (16a)- (16c) into (8) we obtain the following expression for the energy distribution of the Schwarzschild black hole surrounded by quintessence:
while all the momenta vanish. In the case of the Weinberg energy-momentum complex we get the following nonvanishing components:
Inserting (18a)- (18c) into (14) we obtain the expression for energy
while all the momenta vanish.
As it can be seen, the expression for the energy is the same in both prescriptions. The energy distribution obtained exhibits a dependence on the mass M of the black hole, the state parameter w q and the normalization factor c.
For the special choice
the metric given by (2) can be written in Schwarzschild Cartesian coordinates in the form (15) 
Using (20a)- (20c) and (8) we obtain for the energy distribution the expression
while all the momenta vanish. For the Weinberg energy-momentum complex the calculations yield
From (22a)- (22c) and (14) we get for the energy distribution inside a 2-sphere of radius r
while all the momenta vanish. As expected, the expressions for the energy calculated with the Landau-Lifshitz and Weinberg complexes are the same. The energy depends on the mass of the black hole M and the normalization factor c.
Discussion
In the present work the energy-momentum distribution for a four-dimensional Schwarzschild black hole surrounded by quintessence is studied by use of the LandauLifshitz and Weinberg energy-momentum complexes. In both prescriptions the expression for the energy obtained is the same depending on the mass M of the black hole, the state parameter w q and a positive normalization factor c, while all the momenta vanish. The energy distribution is also given for the special choice w q = − 2 3
. In the absence of quintessence, the energy in Schwarzschild Cartesian coordinates becomes
in agreement with the result obtained in [19] . Two limiting cases are of interest for the special choice w q = − 2 3 and these are presented in the following Table: Limit
Further, we consider the energy calculated in [18] by applying the Einstein and Møller energy-momentum complexes for a Reissner-Nordström black hole surrounded by quintessence. This energy depends on the charge Q and the mass M of the black hole, the state parameter w q and the normalization factor c. For the case of a Schwarzschild black hole (Q = 0), the comparison with our results is presented in the following As it is evident, the presence of quintessence around the black hole influences the energy of the gravitational field of the latter. Certainly, the results obtained in the present work do not settle the issue of the energy-momentum localization in General Relativity. However, they do contribute to the ongoing debate on the problem. It is expected that further investigations concerning other dark energy candidates around black holes and/or the application of other energy-momentum complexes will shed more light on the issue.
